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Abstract 



The Yang-Baxter equation admits two classes of elliptic solutions, the vertex type 
and the face type. On the basis of these solutions, two types of elliptic quantum 
groups have been introduced (Foda et al.Q, Felder ||). Fr0nsdal [j|, Q made a 
penetrating observation that both of them are quasi-Hopf algebras, obtained by 
twisting the standard quantum affine algebra U q (g). In this paper we present an 
explicit formula for the twistors in the form of an infinite product of the universal 
R matrix of U q (g). We also prove the shifted cocycle condition for the twistors, 
thereby completing Fr0nsdal's findings. 

This construction entails that, for generic values of the deformation parameters, 
representation theory for U q (g,) carries over to the elliptic algebras, including such 
objects as evaluation modules, highest weight modules and vertex operators. In 
particular, we confirm the conjectures of Foda et al. concerning the elliptic algebra 
A q , p (sl 2 ). 
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1 Introduction 

1.1 Elliptic algebras 

Among the integrable models based on the Yang-Baxter equation (YBE), those related 
to elliptic solutions occupy a fundamental place. Elliptic algebras, or elliptic quantum 
groups, are certain algebraic structures introduced to account for these elliptic models. 
Nevertheless, the complexity of elliptic algebras has evaded their understanding for quite 
some time. The solutions of YBE (i?-matrices) are classified into two types, vertex-type 
and face-type. Accordingly there are two types of elliptic algebras. 

The vertex-type elliptic algebras are associated with the i?-matrix R(u) of Baxter |J 
and Belavin || . The first example of this sort is the Sklyanin algebra , designed as an 
elliptic deformation of the Lie algebra s[2. (An extension to sl n was discussed by Cherednik 
||.) It is presented by the 'i?LL'-relation 

#(i2)( Ul _ U2 )L^( Ul )L^(u 2 ) = L< 2 >(u 2 )£ (1) (tti)fl (12) («i " ^), (1-1) 

together with a specific choice of the form for L{u). Here and after, the superscript 
(1), (2), ■ ■ • will refer to the tensor components. For further development concerning the 
Sklyanin algebra, see Feigin-Odesskii || and references therein. An afline version of the 
Sklyanin algebra (deformation of sfe) was proposed by Foda et al. 0. The main point of 
|I| was to incorporate a central element c by modifying the i?LL-relation to 

R^ 2 \u 1 -u 2 ,r)L^\u l )L ( - 2 \u 2 ) = L { - 2 \u 2 )L { - 1 \u l )R^ 2 \u 1 -u 2) r-c) 1 (1.2) 

where r denotes the elliptic modulus contained in R(u) = R(u,r). In both these works, 
the coalgebra structure was missing. 

The face-type algebras are based on i?-matrices of Andrews, Baxter, Forrester [110] and 



generalizations |TT| , |l2j , [13 1. In this case, besides the elliptic modulus, R and L depend 
also on extra parameter(s) A. As Felder has shown ||, the RLL relation undergoes a 
'dynamical' shift by elements h of the Cartan subalgebra t), 

R {12 \ Ul - u 2 , A + h)L^(u 1} A)L (2) (« 2 , A + /i (1) ) 

= L (2) (« 2 , A)L (1) («i, A + h^)R( 12 \ Ul - u 2 , A). (1.3) 

Likewise the YBE itself is modified to a dynamical one, see ( |1.7| ) below. As we shall see, 
a central extension of this algebra is obtained by introducing further a shift of the elliptic 
modulus analogous to (|1.2|) (see (|4.5| )- (|4.6| ) and the remark following them). 

The face-type algebra has also been given an alternative formulation in terms of the 



Drinfeld currents. This is the approach adopted by Enriquez and Felder 16 1 and one 



of the authors [17j.pl The Drinfeld currents are suited to deal with infinite dimensional 



representations. We plan to discuss this subject in a separate publication. 

1.2 Quasi-Hopf twist 

Babelon et al.||14|| have pointed out that the natural framework for dealing with dynamical 



YBE is Drinfeld's theory of quasi-Hopf algebras ||15|| . Since the work |14| is a prototype 
of our construction, let us recall their result. Consider the simplest quantum group A = 
U q (sl2) with standard generators e,f,h. Given an arbitrary invertible element F G A® 2 , 
we can modify the coproduct A and the universal R matrix TZ by 

A(o) = FA(a)F" 1 (a e A), (1.4) 

n = F {21) KF- 1 . (1.5) 

Here if F = X] a * ® ^ then F^ = J^&j <8> Oj- In general, the new coproduct A is 
no longer coassociative, and defines on A a quasi-Hopf algebra structure. The new R 
matrix TZ satisfies a YBE- type equation, which is somewhat complicated (see ( |A.10| )). 



As Babelon et al. showed, this 'twisting' procedure leads to an interesting result when 
F = F(X) depends on a parameter A in such a way that the shifted cocycle condition 
holds: 

F^ 12 \X)(A <g> id)F(A) = F( 23 )(A + /i (1) )(id <8> A)F(A). (1.6) 

If this is the case, then the YBE-type equation for 1Z = 1Z(X) simplifies to the dynamical 
YBE 

rt 12 \x + h^n^^n^ix + h™) = t^ 23 >(A)t^ 13 )(a + h^)n {l2 \x). (1.7) 

An explicit formula for such an F(X) was given in |14| as a formal power series in q 2X . We 



shall refer to F(X) as 'twistor'. 

A key observation due to Fr0nsdal || is that the RLL relations for the elliptic algebras 
of both types, (|1.2|) and ( |1.3|) , arise by the same mechanism as above. Namely, there exist 
two types of twistors which give rise to different comultiplications on the quantum affine 
algebras U q ($), and the resultant quasi-Hopf algebras are nothing but the two types of 
elliptic quantum groups. 

To substantiate this statement, we must find the corresponding twistors as elements 
in U q (g)® 2 satisfying the shifted cocycle condition ( |1.6|) . Fr0nsdal 0, |J launched a search 

^ The central extension in |l7| is different from the one in frL6| , and is closer to that of the present 
paper. 



for the twistor in the form of a formal series 

F(X) = 1 + J2 E ^,.., m (A)e n ...e Jm ®r m (/ 4l )...r m (/ Jm ), (1.8) 



m>l ti, 



where e^, /» are the Chevalley generators, tj lv ..,j m (A) are certain functions of the 'Cartan' 
generators hi 1 and 1® hi, and r is a diagram automorphism.[| Substituting (|1.8f) into 
( |l.(j| ), he obtained a recursion relation that determines the coefficients £j lv ..,j m (A) uniquely. 
Though a proof of the full cocycle condition ( |1.6| ) was left open, this construction was 



shown to reproduce correctly the classical limit || and Baxter's R matrix ||. Another 
important observation presented in the work M is that the twistor has an infinite product 
form 

F(A) = ---F 3 (A)F 2 (A)F 1 (A), 

and that the coefficients of each F m (X) resemble those of the universal R matrix of U q (g). 
We remark that the quasi- Hopf structure of the face-type algebra for sl 2 was studied 
in detail by Enriquez and Felder pll from a different point of view. 



1.3 The present work 

The aim of the present article is to complete the works of Babelon et al. and Fr0nsdal, 
by making explicit the aforementioned connection between the twistor and the universal 
R matrix, and supplying a proof of the shifted cocycle condition. We construct the two 
types of twistors in the form of an infinite product of the universal R matrix, 

F{\) = --'(<pl® id) (q T 1l) ~* (<£ ® id) (q T TZ) ~* (v?a ® id) (q T n) ~\ (1.9) 

where ip\ denotes a certain automorphism of £/g(g)® 2 depending on A, and T is an element 
of fj <g> \). For the face-type algebras, A is taken from the Cartan subalgebra, so that F(X) 
carries the same number of parameters as the rank of g. When g is of affine type, the 
elliptic modulus appears as one of these parameters. For the vertex-type algebras, A is 
proportional to the central element. In this case the twistor, to be denoted E(r), depends 
on only one parameter r which is the elliptic modulus. 

It is an old idea to construct the elliptic R matrices and L operators from the trigono- 
metric ones by an 'averaging' procedure over the periods [18, IS, 2C]. Our formula, ( |1.9|) 
along with (|1.5|) , may be viewed as implementing this idea at the level of the universal R 
matrix. 



II For face-type algebras r = id, while for the vertex- type g = sl n and r is a cyclic diagram automor- 
phism. See section 2. 



Following |l] , we shall denote the quasi-Hopf algebras associated with the vertex-type 
twistor E(r) by the symbol Aj, P (fl) (where g = sl n ), and the one associated with the face- 
type twistor F(X) by B qt \(o). As algebras they are the same as the underlying U q (g). Hence 
the representation theory for them should stay the same. Strictly speaking, the twistors 
are only formal power series with coefficients in U q (g), but we expect they make sense 
in 'good' category of representations and for generic values of the parameters. In such a 
case, the whole representation theory including evaluation and highest weight modules and 
vertex operators carry over to the elliptic algebras. We derive the commutation relations 
of vertex operators and the intertwining relations, regarding them as formal power series. 
In the special case of Aq^sh) we recover the formulas conjectured in [p]]. As Fr0nsdal 
has shown || |25| for A q) p(sl 2 ), the formal series for the twistors in evaluation modules 
converge and can be computed explicitly. On the other hand, it is a non-trivial problem 
to compute their images in highest weight representations. We hope to come back to this 
issue in the future. 

The text is organized as follows. 

In section 2, after preparing the notation, we present the formulas for the twistors. We 
then give a proof of the shifted cocycle condition. In Section 3, we discuss the examples 
Bq,\(sh), B q ,\(sh) and Aq tP (sl2), an d compute the images of the twistor and the universal 
R matrix in the two-dimensional evaluation representation. In section 4, we define L 
operators and vertex operators for the elliptic algebras out of those of U q (g), and derive 
various commutation relations among them. In particular we derive a relation between 
the L + and L~ operators proposed earlier in |i] (see (L8), ( 4.24 )). In Appendix we review 
the basics of quasi-Hopf algebras. 

2 Quasi-Hopf twistors 

In this section we construct the twistors which give rise to the elliptic algebras. For the 
face type algebras, the twistor F = F(X) e U® 2 depends on a parameter A running over 
the Cartan subalgebra \). For the vertex type algebras, the twistor E(r) depends on a 
single parameter r 6 C. Both of them are solutions of the shifted cocycle condition (see 
(FZ2|), ( |2~35l ) below). 



2.1 Quantum groups 

First let us fix the notation. Let g be the Kac-Moody Lie algebra associated with a 
symmetrizable generalized Cartan matrix A = (ajj)jj e /. We fix an invariant inner product 
( , ) on the Cartan subalgebra \) and identify f)* with f) via ( , ). If {aj} iG / denotes the 
set of simple roots, then (ai,aj) = did^, where di = |(«i,aj). 



Consider the corresponding quantum group U = U q (g). For simplicity of presentation, 
we choose to work over the ground ring C[[h]] with q = e h . The algebra U has generators 
e«, fi (i G I) and h (h G fj), satisfying the standard relations 

[/>,//] = (h,h'ef)), (2.1) 

[/i, ei] = (/i, Oi)^, [/i, /<] = -(/i, on) ft {iel,het)), (2.2) 

[ei./i]=^^ Z 4 T (i,ie/), (2.3) 



and the Serre relations which we omit. In Q2.3| ) we have set g« = q di , U = q ai . We adopt 
the Hopf algebra structure given as follows. 

A{h)=h®l + l®h, (2.4) 

A(eO = e< ® 1 + U ® ei, A(/0 = /< ® tf 1 + 1 ® /i, (2.5) 

e(e < ) = £(/*) = e(/i) = 0, (2.6) 

5( ei ) = -tr 1 ^, 5(/,) = -/A, S(h) = -h, (2.7) 

where i G I and h E i). 

Let 7£ G J/® 2 denote the universal i? matrix of U. It has the form 

K = q~ T C, (2.8) 

/3eQ+ 

= 1 - ^(g, - gr 1 )^" 1 ® ti/i + • • • . (2.9) 

iei 

Here the notation is as follows. Take a basis {hi} of f), and its dual basis {h 1 }. Then 

T = ^h t ®h l (2.10) 

i 

denotes the canonical element of f) ® f). The element Cg = ^ • upj ® u^ is the canonical 
element of [/*" ® f7~g with respect to a certain Hopf pairing, where U + (resp. U~) denotes 
the subalgebra of U generated by the e$ (resp. f), and U ± g {(3 G Q + ) signifies the 
homogeneous components with respect to the natural gradation by Q + = J2i ^>o«i- (For 



the details the reader is referred e.g. to pi| , Effil.) We shall need the following basic 
properties of the universal R matrix: 

A'(a) = TZA^TZ- 1 Va G U, (2.11) 

(A®id)ft = ft (13) ft (23) , (2.12) 

(id®A)ft = ft (13) ft (12) , (2.13) 

(e®id)ft=(id®e)ft=l. (2.14) 



Here A' = eroA signifies the opposite coproduct, a being the flip of the tensor components 
o[a <S> b) = b Cg> a. From (|2.11|) - (|2.13|) follows the Yang-Baxter equation 

^(12)^(13)^(23) = ^(23)^(13)^(12) ^ ^ 

2.2 Face type twistors 

We are now in a position to describe the twistors for face type elliptic algebras. Let us 
prepare some notation. 

Let p G t) be an element such that (p, «j) = (i, for all i G J. Let be an automorphism 
of £/ given by 

= Ad(g^^-p) ) (2.16) 

where {/i;}, {/i'} are as in ( |2.10| ). In other words, 

0(e 4 ) = eiti, 4>{fi) = t~ l fi, 4>(q h ) = q h . 

Since 

Ad(g T ) o (0 ® 0) =Ad(g^ A (^)-A(p)) 5 (2>17) 

we have 

Ad(g T ) o (0 ® 0) o A = A o 0. (2. 18) 

For A G f), introduce an automorphism 

<p x = Ad(g s < W+ 2 (*-")) = 2 o Ad(g 2A ). (2.19) 

Then the expression 

(ipx ® id) (g T ^) (2.20) 

is a formal power series in the variables Xi = q 2( - x ' ai ^ {% g I) of the form 

1 - /Mi ~ q^XiCiU ®tifi-\ . 

i 

We define the twistor F(\) as follows. 
Definition 2.1 (Face type twistor) 

f{\) = ■■■(^i®id^q T ny 1 (<p x ®id^q T ny 1 

fl^Oid)^)" 1 . (2.21) 



fe>i 



Here and after, we use the ordered product symbol ]T^4fc = • • • A3A2A1. Note that the 



fc>l 



k-th factor in the product ( |2.21| ) is a formal power series in the x\ with leading term 1, 
and hence the infinite product makes sense. We shall refer to fl2.21| ) as a face type twistor. 
Our main result is the following. 



Theorem 2.2 The twistor $2. 21\ ) satisfies the shifted cocycle condition 



F( 12 )(A)(A <g> id)F(A) = F^(A + /i«)(id ® A)F(A). (2.22) 

We have in addition 

(e ® id) F(X) = (id ® e) F(X) = 1. (2.23) 

A proof of Theorem |2.2j will be given in subsection |2.4| . In ( J2.22J ), if A = Y2i ^ih l , then 
A + hS 1 ' means X^(A; + h\ )h l . Hence we have, for example, 

Ad(g 2 ^ (12) )Ff ) (A)=Ff ) (A + lhF>), 
Ad(g 2 ' T(13) )Ff } (A) = if 3 >(A - lhP). 

For convenience, let us give a name to the quasi-Hopf algebra associated with the 
twistor ( |2.21D . As for the generalities on quasi-Hopf algebras, see Appendix [A[ 



Definition 2.3 (Face type algebra) We define the quasi-Hopf algebra B ?)A (fj) of face 
type to be the set (U q (g), A A , e, $(A), 7£(A)) together with a x = Yli S{di) e i, P\ = J2i fiS(gi) 
and the antiautomorphism S defined by ( \2.1[ ). Here e is defined by (\2. b\ ), 

A A (o) = F (12) (A) A(o) F^(A)" 1 , (2.24) 

U{\) = F^ l \\)nF {l2 \X)~\ (2.25) 

$(A) = F( 23 )(A)F( 23 )(A + h m )~\ (2.26) 

and J2i di®e t = F{\)-\ £. ft ® 9i = F(X) . 

Let us consider the case where g is of affine type, in which we are mainly interested. 
Let c be the canonical central element and d the scaling element. We set 

A — p = rd + s'c + A — p (r, s' G C), 

where A stands for the classical part of A G f). Denote by {hj}, {h^} the classical part of 
the dual basis of fj. Since c is central, (p\ is independent of s'. Writing p = q 2r , we have 

<p x = M{p d q 2cd ) o <p Xi (p x = Ad{q^ K ^ +2 ^~^). 

8 



Set further^ 



K{z) = Ad(z d ®l)(R), (2.27) 

F{z,X) = Ad{z d ®l){F{\)), (2.28) 

K(z, A) = Ad{z d ® l)(ft(A)) = crfF^" 1 , A))ft(*)F(*, A) -1 . (2.29) 



Here a denotes the flip of the tensor components. ( P-27| ), (|2.28|) are formal power se- 



ries in z, whereas ( |2.29| ) contains both positive and negative powers of z. Note that 
q c ® d+d ® c lZ(z)\ z=0 reduces to the universal R matrix of U q (g) corresponding to the under- 
lying finite dimensional Lie algebra g. From the definition (|2.21|) of F(X) we have the 
difference equation 

F(pq 2cW z, A) = {<p x ® id)-\F{ Zl A)) • q T n(pq 2cW z), (2.30) 

F(0,A)=F g (A), (2.31) 

where -Fg(A) signifies the twistor corresponding to jj. 



2.3 Vertex type twistors 

When = sin, it is possible to construct a different type of twistor. We call it vertex type. 
In this subsection, U will denote U q (sl n ). 

Let us write hi — cvj (i — 0, . . . , n — 1). A basis of f) is {h , . . . , h n _i, off. The element 
d gives the homogeneous grading, 

[d, ei] = 5 i0 ei, [d, f t ] = -8 i0 fi, 

for alH = 0, . . . , n— 1. Let the dual basis be {A , . . . , A ra _ 1; c}. The Aj are the fundamental 
weights and c is the canonical central element. Let r be the automorphism of U such that 

7~\&i) S-i+1 mod ni T\Ji) Ji+1 mod ni ' V */ "i+1 mod n 

and r n = id. Then we have 

(k\- k n-l-2i 

T (Av — Aj+1 mod n Ty C - 

The element p = XX=o -^-* * s invariant under r. It gives the principal grading 

[p, ei] = e^ [p, /{] = -/{, 
**The notation IZ(z) conflicts that of 1Z(\). Hopefully there is no confusion. 



for all i = 0, . . . , n — 1. Note also that 

(r <8> t) o A = A o r, 
( r0r )(C /3 ) = C T(/3) . 

For r e C, we introduce an automorphism 

/ 2(r + c) \ 

fi r = ToAd(q^ p ). (2.32) 

Here and after, quantities related to the vertex type algebras will be denoted with the 
symbol ~. Set 

™ 1 / n 2 - 1 

T = -(/B®c + c®p — — c ® c 

n V 12 



Then 



fe r (8) id) (g T ^) (2.33) 



is a formal power series in p« where p = q 2r . Unlike the previous case of ( 2.20J) , ( |2.33| ) 



is a formal series with a non-trivial leading term q T T (1 + • ■ ■). Nevertheless, the n-fold 
product 



fl (^®id)(<Z%) -1 



n>fc>l 

takes the form 1 + • ■ -, because of the relation 



n 

Y^ {r k ® id) (T-f^) = 0. 
fe=i 



We now define the vertex type twistor E(r) as follows. 
Definition 2.4 (Vertex type twistor) 



^0") = 1 1 ($f ® id) (/ 7e) . (2.34) 



fe>i 



The infinite product T [ is to be understood as lim II .In view of the remark made 

fc>l niV>fc>l 

above, E(r) is a well defined formal series in p«. 

Theorem 2.5 27ie twistor ( $.34) satisfies the shifted cocycle condition 

£ {12) (r)(A ® id)E(r) = £ (23) (r + c (1) )(id ® A)E(r). (2.35) 

We have in addition 

(e ® id) E(r) = (id ®£)E(r) = l. (2.36) 

10 



Definition 2.6 (Vertex type algebra) We define the quasi-Hopf algebra A q)P (sl n ) (p = 
q 2r ) of vertex type to be the set (U q (g),A r ,e,<&(r),1l(r)) together with a r = ^^(d^ei, 
P r = J2i fiS{gi) and the antiautomorphism S defined by t \2.1\) . Here e is defined by ( \2. dj , 

A r (a) = £ (12) (r) A(o) E {l2 \r)~\ (2.37) 

K{r) = E^(r)TZE^ 12 \r)-\ (2.38) 

$( r ) = E^\r)E^\r + c^)" 1 , (2.39) 

andY.idi^ei = Efr)' 1 , Y.ifi®9i = E(r). 

Let us set 

£'(0 = (Ad(C') ® id) ( g %), 
S(C,r) = (Ad(C)®id)^(r). 



In just the same way as in the face type case, the definition (|2.34j) can be alternatively 
described as the unique solution of the difference equation 

E(p l / n q 2c(1) / n (,r) = (t ® id)- 1 (E((,r)) •ft'(p 1/ V c(1)/n C), 
E(0,r) = l, 



2r 



where p = q 



2.4 Proof of the shifted cocycle condition 



Let us prove the shifted cocycle condition fl2.22| ) for the face type twistors. For k — 0, 1, • • • 

we set 

F fc (A) = (0 2fe ®id)C(A)-\ (2.40) 

C(X) = Ad(q 2X ® l)(q T 7Z) = Ad(l <8> q- 2X )(q T K). (2.41) 



Then the twistor ( 2.21J) can be written as 

F(X) = l[E k (kX). 

We have the invariance [A(h), i^(A)] = 0, and in particular 

Ad(g T ) o (0 ® 0) (F fc (A)) = F fc (A). (2.42) 

From the properties ( |2.11| )- @.13| ) of the universal i? matrix, we find 

11 



Lemma 2.7 



(A ® id)C(A) = C( 13 )(A - I/,( 2 ))C( 23 )(A), 
(id <8> A)C(A) = C (13) (A + i/i (2) )C (12) (A), 

C (12) (A)C (13) (A + /i _l^(2) )c (23) (/i) 

= C( 23 )(/i)C( 13 )(A + n + -^)C( 12 )(A). 



(2.43) 
(2.44) 

(2.45) 



Lemma 2.8 



(A ® id)F fe (A) = F fc (23) (A + khV)Ff\\ + (k- \)h {2) ), 

(id ® A)F fc (A) = if 2 H^Ff } (A + \h^\ 

if 2) (A)f£?(A + „+(/ + i)fc<»)if% + JfcCU) 



1, 



F/ 23 ^ + i^)F^(A + i i+(l- $h®)F™(\). 



Proof. Using ( |2.43|) we have 



LHSof (OD = (A®id)(0 2 *®id)C(A)~ 1 

= Ad(g 2feT(12) )(0 2fc ® </> 2fc <g> id) (c^\\)- y C^\\ - -h^)- 1 



(2.46) 

(2.47) 

(2.48) 



if(A+#yi u '(A+(*-^; 



In the second line we used ( 2.18 ). Eq. (|2.47|) can be verified in a similar way. Finally, 
(|2~48l ) follows by applying (0 2 ( fc+/ ) ® 2/ ® id)Ad(g 2/r<12) ) to fl2~45l ) and noting (l2~4l ). n 



«>fc>i 



Lemma 2.9 For / e Z>o, we have the equality 

]J Ff\k\ + kh {1) ) ■ (id ® A)F(A) 

i 

HFf)(A;A)Fii 3 )(^ + OA + (/ + i)/,( 2 )) 
i 



fe>i 



(2.49) 



/>fc>i 



12 



Proof. We prove Q2.49|) by induction on /. The statement holds for I = 0, since we have 
from (|^47|) 



(id ® A)F(A) = J] Fi 12 \kX)Fi w \k\ + ±hP>). 

k>l 

Suppose the statement is correct for / — 1. Then from (|2.48|) we obtain 
if 3) (ZA + lh^) ■ f[F^\kX)F^U(k + l-l)X + (l- \)h^) 



2' 

k>l 



F^ilX + lh^) • n^3 } ((* + OA + (l - \)h<»)Fi»\k\) x F^(IX + (I - \)h®) 
fc>l 

ftif 2) (*A)f£?((* + 0A + (/ + i)/a x if 3 >(/A + lh^)F^(lX + (/ - \)h^). 



fc>i 



This means that the statement holds also for /. g 

Proof of Theorem |TJ]. Let / — > oo in ( |2.49|) . Then 

F( 23 )(A + /i (1) )(id®A)F(A) 

= fK 2) (^) • fl^ (23 ^A + khW)F?*>(kX + (k- hhV) 



fe>i fc>i 

F( 12 )(A)(A®id)F(A). 



The last step is from ( |2.46|) . The statement ( |2.23|) is evident from (|2.14|) . q 



The case of vertex type twistors ( j2.35| ) can be treated in an analogous manner. In 



place of the automorphism ( 2.16 ), we set 

4> = roAd(g» p ). 
Then we have 

Ad(g 2T ) o (0 <g> 0) o A = A o 
The twistor can be written as 

E(r) = Y[E k (kr), 

k>\ 

with the definition 



E k (r) = (<j) k ® id)C(r)- 1 , (2.50) 

C{r) = Ad(q% p g> l){fn) = Ad(l ® g - »')(g ? 7l). (2.51) 

We have also 

Ad(g 2f )o(0®0)(£ fc (r)) = £ fc (r). 

The rest of the proof is much the same with that of the face type, so we omit the details. 
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3 Examples 

3.1 The case B q jS*\z) 

Let g = sl 2 , with the generators e, /, h as in ( |2.2| ),( |iO| ). In this case the universal R matrix 
is given by [pi 



n = q- T exp q2 (-(q-q- 1 )et- 1 ®tf), T=-h®h. (3.1] 



Here the g-exponential symbol is defined by 



exp g (x) = ^-— , exp 9 (x)exp g _i(-x) = l, 

n=0 W< ?' 

W = #j%, (a;q)n = li(l-aq k ). 



Let us set 



\ = {s + l)-h, w = q 2s , 
and write F(w) for F(X). Since 

^ A = Ad^V 1 ) 
and y*(e) = {q 2 w) k et 2k , the formula for the twistor ( 2.21 ) becomes 



F(w) = \lexp q2 ((q - q- l ){q 2 w) k ■ et 2k ~ l ®tf) . (3.2) 



fe>i 



Using the formula 



oo 1 -r\ 

y^ , . ,. — o n = lTexp„(a fc o) if 6a = o 2 a6, 

^(n) ? !(a;g) n ll " 



fc>0 

we find 



n») = ± M It^I.TL^ co-»w- < 3 - 3 > 



n=0 



(n),- 2 !(g- 2 «;(t 2 ®l);g- 2 ) n 



The formulas (|3~2]) - (|3~3|) are due to [0, |], f§. In the two-dimensional representation 

(^C 2 ) 

7r(e) = E 12 , n(f) = E 2U n(h) = E n - E 22} (3.4) 

with Ejj denoting the matrix with 1 at the (i,j)-th place and elsewhere, we have 

on 

(tt <g> n)F(w) = l + (q- q' 1 )- E 12 g> £ 21 , (3.5) 

1 — w 
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3.2 The case B q ,\($l 2 ) 



Next consider the case of the affine Lie algebra g = sfe. Taking a basis {c, d, hi} of (), we 
write 

A = (r + 2)d + s'c +{s + l)-/ii (r, s' , s G C). 



(px is independent of s'. Writing 



1r 2<? 

p = q , w = q 



we set 



(3.6) 

(3.7) 
(3.8) 



71(3) = Ad(z d <8>l)(ft), 

F(z;p,w) = Ad(z d ®l)(.F , (A)), 

K(z;p,w) = Ad(z d g> l)(ft(A)) = a^" 1 ;^ w))^)F(^;p, w)" 1 . (3.9) 

In particular, for z = 0, g c ® d + d ® c 7^.(0) reduces to the universal R matrix ( |3.1| ) of C/ g (s[ 2 ). 
From (fcgBD , (ET53D we have 



F(jpq 2c{1) Z -p,w) = (v^- 1 ® id) (F(*;p,w)) x q T K{pq 2c(1) z), 
F(0;p,w) = F slz (w), 



(3.10) 
(3.11) 



where ^ = Ad(g /ll / 2 w ftl//2 ). In ( 3.11|) , the right hand side means the twistor (|3.2|) in the 
previous example. 

Let us calculate the image of fl3.8|) ,(|3T9|) in the two-dimensional representation (ir, V), 
V = C 2 , where ei,fi,h% are mapped as in (|3.4j ) and 7r(e ) = tt(/i), tt(/o) = 7r( e i)> 
7r(/i ) — — n(hi). We set 

Fyv-(^;P,w) = (ir(g)Tc)F(z;p,w), 
R V v(z;p,w) — (it <g) ir)1Z(z;p,w). 



The image .Ryy(z) = (7r ® 7r)7£(z) is known to be given as follows (see e.g.p3[|) 



Rvv{z) = p(z)R vv (z), 
P {z)=q-l ^ qi) - 



Rvv{z) 



z;q 4 )oo(q 4 z;q A ) 00 ' 

/I \ 

b(z) c(z) 

zc(z) b(z) 

1/ 



b(z) 



\ 

(l-z)q 
1 — q 2 z ' 



c{z) 



1-q 2 



1 — q 2 z 



2- 



(3.12) 



(3.13) 



(3.14) 
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Here and after, we use the infinite product symbol 



(z;ti,t 



1i ' ' ' i ^njoo 



n 



;i - z$t% 



C)- 



Eq. (|3.10| ) implies a difference equation for F vv (z; p, w). Noting 7r(c) = and noip w = 
Ad(Dw)^ 1 o n where D w = diag(l, w), we find 

F vv (pz;p,wY = R vv {pz) t K{D w <g> l)" 1 ■ F vv (z;p,wY {D w ® f), 

where X 1 means the transpose of X, and we have set K = diag(g 1//2 , g~ 1//2 , g~ 1//2 , g 1//2 ). 
This means that each column of Fvv{ z ',P,wY satisfies a difference equation of the same 
sort as the q-KZ equation. Solving this with the initial condition which follows from 



( 3.11 ), we obtain the result 



/l 



F vv (z;p,w) =(p(z;p) 



X u (z) X 12 (z) 

X 21 (z) X 22 (z) 



\ 



1/ 



where 



and 



<f{z;p) 



(pz;q 4 ,p) OQ (pq 4 z;q 4 ,p) c 



(pq 2 z;q 4 ,p) 



2 

oo 



(3.15) 



(11)Q Q 
;p,pq~ 2 z j . 
w 

w(q- q- 1 ) fwq 2 pq 2 _ 2 

x 12 {z) = — 2<?>i ;p,pq z 

1 — w \ pw 

pw- l (q-q- v ) (pw~ x q 2 pq 2 _ 2 

^2i{z) — — : — z 2 (pi ;p,pq z 

1 — pw~ l \ p z w~ l 

^22(2;) =201 _! \p,pq z). 

\ pw i / 



Here 2 <pi ( q c q ;q,z) denotes the basic hypergeometric series 



q a q b 

2'^j ! . ',q,z 
q c 



y^ (q a ;q)n(g b ;q)n z , 



n=0 



(q;q)n(q c ;q)r 



The image of the R matrix is determined from ( |3.9| ) and the connection formula for 
the basic hypergeometric series 

1\ T q (c)T q (b-a)Q q (q l - a z) ( q a q a ~ c +\ 



q a q b 

■2<>i. 1 , ;q,- 

q c z 



-2V1 



q 



a-b+l 



r q (b)T q (c-a)Q q (qz) 
T q {c)T q {a-b)Q q {q l ' b z) ( q b q 



q,q c - a - b+1 z 



T q (a)T q (c-b)Q g (qz) 
16 



-2^1 



7 b „6-c+l 



q 



b-a+l 



q,q 



c— a— 6+1 , 



where 



r,(*) 



(g;g)» 
(?*;?)c 



-(l-g) 1 z , 0,(«) = (2;;g)oo (g« 1 ;g) 00 (g;g)c 



We find 



with the coefficients given by 

/ x -1/2 {q 2 z;p,q 

p(z;p) = q ! 

b(z;p,w) = q 



/l 



V 



4^,2 

oo 



b(z;p,w) c(z;p,w) 
c(z;p,w) b(z;p,w) 



\ 



1/ 



(pz 1 ;p,q 4 )oc(pq' i z 1 ;p,q 4 ), 



b{z;p,w) = q 



(z; p, q A )oo(q 4 Z] p, g 4 )oo (pq 2 z~ 1 ;p, q 4 ) 2 ^ 

(pw~ 1 q 2 ;p) 00 (pw~' 1 q~ 2 ;p) 00 Q p (z) 

{wq 2 ]p) oo (wq' 2 ]p) 0O Q p {z) 



{w;p)\ 



Q p (q 2 z) 



c{z;p,w) 



Q p (q 2 ) Q p (wz) 



c(z;p, w) = z 



e p (w)e p (q 2 zy 

Q p (q 2 ) Q p {pw~ l z) 



e p ( P w-i) e p (q 2 z) 



(3.16) 
(3.17) 
(3.18) 
(3.19) 
(3.20) 



As expected, these are (up to a gauge) the Boltzmann weights of the Andrews-Baxter- 
Forrester model [|Kj . 



3.3 The case Aq^sh) 

The case of Aq, p {sl2) can be treated similarly. Let 

£(0=Ad(C®l)(ft), (3.21) 

£(C;p) = Ad(C p <8>l)(£(r)), (3.22) 

K((;p) = Ad(C P <8> l)(fc(r)) = a (E^p)) £(C)£(C;p)"*\ (3.23) 

where p = q 2r . In this case we have simply q T TZ(0) = 1. Thus E((;p) is characterized by 

E( P 1/2 q cW C;p) = (r- 1 ® id) (JS(C;p)) x g^V^C), 
£(0;p) = l. 



17 



The calculation of the image in the two-dimensional representation can be done di- 
rectly. Since n o r = Ad(a x ) o tt with a x = ( 1 n ] , we have 



l 



(tt ® vr)(r 2fc ® id) (^(/C)) = q- 1/2 p{p 2k C) 



k-l 



(tt <g> 7r)(r^- i ® id) ^(/-k) = <r v W a 



,-1/2 , 2fe-V2 



/I x 

&2fc C2fe 
C2fc ^2/c 

/ &2fc-l C2fc_l \ 

1 

1 
\ C2fc-1 &2fe-l / 



where &z , q are given in terms of (|3.14j) by 

6, = 6(p'C 2 ), Q=pkc(^C 2 )- 
The infinite product can be readily calculated, yielding the result 

/ o B (C) MO \ 



(7t®7t)(E(C;p)) = ^(C 2 ;p) 



MO MO 
MO **(0 

V MO MO / 



(3.24) 



(TP 1/2 qC,p)oc 

(Tp 1/2 q~ 1 C,p)c 

(Tpq(;p)oo 



where ip(z;p) is given by fl3.15| ), and 

M0±M0 

wo±p.(0 (Tra _ 1C;p) 

Finally the image of the R matrix ( |3.23 ) is given by 

/ MO MO \ 

MO MO 



(3.25) 
(3.26) 



(7T®7r)(^(C;p)) = g- 1/2 p(C 2 ,p) 



MO MO 

v mo mo y 



(3.27) 



with 



a+(C)±rf + (C)- ( ^ /2g 1C ' P)o ° (TpV2gC 1;p)o ° 



M0±M0=<? 



(=FP 1/2 gC;p)oo (=fp 1/2 <? X C ^p)*' 
i ± MC (tpMC; p)oo (TpqC 1 ; p) c 



(3.28) 
(3.29) 



i±g( (TpgC;p)oo (Tpg X C 1 ;p)oo' 

This agrees with the R matrix of the eight vertex model (cf. eqs.(2.5)-(2.9) in |23 



wherein the sign of p 1 ^ 2 is changed). The results ( |3.24|) -( |3.29|) are due to Fr0nsdal|| |25 
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4 Dynamical i?LL-relations and vertex operators 

The L-operators and vertex operators for the elliptic algebras can be constructed from 
those of U q (g) by 'dressing' the latter with the twistors. In this section, we examine 
various commutation relations among these operators. We shall mainly discuss the case 
of the face type algebra B qt \(g) where g is of affine type. We touch upon the vertex type 
algebras A qtP (sl n ) briefly at the end. 

4.1 RLL-relation for B qi \{o) 

Hereafter we write U = U q (g), B = B q ^\(g). By a representation of the quasi-Hopf 
algebra B we mean that of the underlying associative algebra U . Let (ny, V) be a finite 
dimensional module over U, and (7ry )Z , V z ) be the evaluation representation associated 
with it where ttv, z — ^v ° A-d(z d ). 

Definition 4.1 We define L-operators for B by 

L±(z,\) = (<K ViZ ®id)ri ± (\), (4.1) 

n' + (X) = q c ® d+d ® c K(X), (4.2) 

K'-(\) = <R {2l \X)- l q- cm - d ® c . (4.3) 



Likewise we set 



Setting further 



4ff(^/ 2 2) A) = (-K V>Z1 ®-n w , Z2 )'R! ± (\). 



ri ± {z,\)=Ad(z d ®l)K' ± (\), (4.4) 

we find from the dynamical YBE (|A.18|) that 

TZ'^ 12 \z 1 /z 2 , X + h^K'^iq^zJzs, X)TZ' ± ^(z 2 /z 3 , X + h®) 

= n'^\z 2 /z 3 , x)n'^\ q ±c(2) Zl /z 3 , x + h^)n'^\ Zl /z 2 , x), 
n'^ 12 \q c{a) Zl /z 2 , x + hW)ri^ 13 \ Zl /z 3 , x)ri-( 23 \z 2 /z 3 , x + &«) 

= ri-^(z 2 /z 3 , x)ri^ 3 \ Zl /z 3l X + h^ri+^iq-^z./z,, A). 

Applying tc v <g> n w ® id, we obtain the dynamical RLL relation. 
Proposition 4.2 

rP^\ Zi /z 2 , X + h)l4 (1 \zi, X)L^ 2 \z 2 , X + h®) 

= I# 2 \z 2 ,\)L* 1 \z 1 ,\ + h^)RP^( Zl /z 2 ,X), (4.5) 

R$?((fzi/zz, A + h)L^ 1] { Zl , X)L^ 2 \z 2l X + /*«) 

= L^ 2 \z 27 X)Lp 1 \z 1 ,X + h^)Rp^\q- c z 1 /z 2 ,X). (4.6) 
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Here the index (1) (resp. (2)) refers to V (resp. W), and h, c (without superfix) are 
elements of t) C B. If we write 



then 



A — p = rd + s'c + A — p (r, s' e C, A & fj), 



A + h {1) = {r + h v + c (1) )rf + {s' + d,W)c + (A + hW) 



(4.7) 



where /i v is the dual Coxeter number. The parameter r plays the role of the elliptic 
modulus. Note that, in (|4.5|) - (|4.6|) , r also undergoes a shift depending on the central 
element c. 

Actually the two L-operators (|4.1| ) are not independent. 



Proposition 4.3 We have 

L+(pq c z, A) = q- 2fv '{Ad{X x ) ® id)- 1 L y (^, A), 
where 

X A = 7r(g^ J + 2 ^). 



c (2)_ c (l) 

2i— >g c c 2 



„ W'+W^A)- 1 , 



Proof. In the notation of ( f4.4| ), we have 

7^,A) = a(F(^\A)) 

72,'-(z, A) = a (F(z-\ A)) n'-(z)F(q c{2) - cW z, A) -1 . 

Now the difference equation ( |2.30| ) implies 

^-R! + (pz)F(pz, A)" 1 = (£ A ® id)" 1 F(g- 2c( \, A), 

a (Ftp- 1 *" 1 , A)) = (id ® y? A ) Uf^ 1 , A))ft'-(z)g 

2(-^<?~ ic 2 \ 

Noting that 

Ad(q 2 T)(<p x ®<p x )1l' = ll', 
we find 

^' + ( M c(1)+c(2) z, A) = q- 2f {(p x s id)" 1 fc'-(*, A). 
Taking the image in 1/ we obtain the assertion. 



(4.8) 



D 
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4.2 Vertex operators for B qy \(g) 

Let (7iy,2, V z ) be as before, and let V(fi) be a highest weight module with highest weight 
fi. Consider intertwiners of [/-modules of the form 

^' ,l \z):V(ji)—*V(u)<B>V z , 

We call them vertex operators (VO's) of type I and type II, respectively |jj Define the 
corresponding VO's for B as follows |25||. 



$ 



v 



(^.M) / 



(*,A) = (id ®tt,)F(A)o $£■"(*), 



*•£■">(*, A) = **<?">(*) o (vr, ® id)F(A)- 1 . 



(4.9) 
(4.10) 



When there is no fear of confusion, we often drop the sub(super)scripts V or (u, //). It 
is clear that (|4.9j ),( fLT0|) satisfy the intertwining relations relative to the coproduct A^ 

mo , 



A x (a)$(z,\) =<$>(z,\)a Va e B, 
aty*(z,\) = ty*(z,\)A x (a) Va E B. 

These intertwining relations can be encapsulated to commutation relations with the L- 
operators. 



Proposition 4.4 The 'dressed 7 VO's ( \4-9{ ),( $[M\ ) satisfy the following dynamical inter- 
twining relations (see the diagram below): 

$ w {z 2 , X)L+{ Zl , A) = R$ w {q c zi/z 2 , A + h)L+{z u X)$ w {z 2 , A + /i (1) ), (4.11) 

®w(z2, \)Ly(zi, A) = R vw {z x /z 2 , A + h)Ly(z h X)$ w (z 2 , A + a {1) ), (4.12) 

L+( Zl , \)** w (z 2 , A + h®) = ** w (z 2 , X)L+( Zl , A + h^)R vw { Zl /z 2l A), (4.13) 

Ly(z h \W w {z 2l A + h™) = ** w (z 2 , X)Ly(z x , A + h^)R vw (q c Zl /z 2l A). (4.14) 



V^ <8> V(n) 



V zt ®V{n) 



V Z1 <g> V» (g) W, 5 



-2 



v^ (8> v{v) ® w, 



'~2 



Rl 



V Z1 ® V(y) ® W„ 



tt In this paper we treat VO's which have Fourier expansion in integral powers of z. In the notation 
of p^| , they are denoted with the symbol ~; e.g. $y J (z) here is written as $ v > v {z) in p3| . 
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V tl W Z2 <g> V(fi) 



V Zl ® W Z2 ® V^/i) 



V Zl <8> W Z2 ® VQu) 



v; x ®v» 



-> f z1 <g> k(i/) 



Proof. Let A be the original coproduct (2J5) for [/. The properties ( A. 16 ), ( A. 17 ) are 
equivalently rewritten as 

(A ® id)ft(A) = F( 12 )(A + / i ( 3 ))- 1 ^ 13 )(A)^ 23 )(A + / i «)F( 12 )(A), 
(id ® A)ft(A) = F( 23 )(A)-^ 13 )(A + h®)KW{X)FW{\ + /i«). 

From this it follows that 

(id ® A)ft'+(z, A) = F^A)- 1 ^ 13 ^^, A + /i^)^ 12 ^, A)F( 23 )(A + fc«), 
(id ® A)K'-(z, A) = ^^(A)" 1 ^'-^^, A + h^)n'-^\q ci3) z, A)F( 23 )(A + /*«). 

Using the intertwining relation 

$ w (z)a = A(a)$w(z), 

we obtain 

$ w (z 2 ,\)L^(z h \) 

= (n VtZl ® id ® n WjZ2 ) (F (23) (A)) <S> w (z 2 ) (ir V:Zl ® id) (ft' + (A)) 

= (7Ty i2l ® id ® ix w ^ Z2 ) (> (23) (A)(id ® A)ft' + (A)) <M^) 
= (rc VtZ1 ® id ® tt^J (^' + ( 13 )(g c(2) , A + / i ( 2 ))^' + ( 12 )(A)F( 23 )(A + /*«)) $ w (* 2 ) 
= Rfrwtfzi/zz, A + /i)24(*i) ^"M^, A + /i (1) ). 
The other cases are similar. q 



From the theory of gKZ-equation [ ZB| , we know the VO's for U satisfy the commutation 
relations of the form 



Rvv(zi/z 2 )^\z 1 )^ K) (z 2 ) = J2®v"'\^v' K \ziWi 



K fl 
fl' V 
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(4.15) 



* 



*(^M)/^ \vt>*(M,«) 



zi)*7'^ 2 )iW^2) 



*-i>(; 



K /i 



^r^'\z 2 )^'' K \z 1 ), 



'-2 



^\ Zl )^\ Z2 ) =Y,Wi,n 



K fl 

fl' V 



z 2 



z 2 )^'' K \ Zl 



(4.16) 

(4.17) 
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HereQ 



Rw(z) = PRw(z), P(v ® v') = v' ® v, 

R VV (Zi/z 2 ) = (n VtZl ® 7Ty >22 )^ 



is the 'trigonometric' i? matrix. In ( 4.15|) -( [4.17 ) we used a slightly abbreviated notation 



For example, the left hand side of ( 4.15 ) means the composition 



V(/t)-^-W(/i) (8) K 2 — >V(i/) (8) K 21 ® V; 2 > V[y) V Zl ® V^. 

Similarly (|4.16|) , ( |4.17| ) are maps 

Ka®^®^*)— >V(i/), 
^ 2 ®F(«) — ^^(x/)®^, 

respectively. For U q (sl2), the formulas for the IV-factors in the simplest case can be found 
e.g. in |||. 

The 'dressed' VO's satisfy similar relations with appropriate dynamical shift. Setting 
R vv (z, A) = PRw( z j A), we have 

Proposition 4.5 

Rvv(z 1 /z 2 , A + ^^(zi, A)$^' K) (z 2 , A) 



^$ir y) (^,A)$^' K) (^,A)^ 



ft [L 



/i z/ 



£l 

22 



r v M ( Zl , \)^' K \z 2 , A + hV>)Rw(*i/*2, a)- 1 



YWn 



K ft 

// V 



^)%^'\z 2 ,\)^'' K \z 1 ,\ + hW), 
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(4.18) 



(4.19) 



^\z l7 \)% M (z 2} \) = "£ W i>" 



K H 



Z2 X 



{z 2 ,\)4f K \ Zl , A + h®). 
(4.20) 



Notice that the M^-factors stay the same with the trigonometric case, and are not affected 
by a dynamical shift. 

Proof. Let us verify (\i. 19|) as an example. We drop the suffix V. From the intertwining 
relation a^*(z) = \P*(z)A(a), we have 

LHS of (4.19) 



■f*The R matrix used here is the image of the universal R matrix. It differs by a scalar factor from the 
one used e.g. in [E7l E3| in the commutation relations of VO's. 
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= y<^\ Zl )(7t z ® id)(F(A)- 1 ) (id <g> r^'% 2 )) (tt z1 ® vr 22 (8) id) (F^(A + /i^)- 1 ) 

x (tt 2i <g> vr 22 <g> id) ((id (8) A)F(A)- 1 • F^(A + /i^)- 1 ) . (4.21) 

In the right hand side of ( [4.21| ), the first factor equals 



EM " " 

while the second is 



- ^*^')(z 2 )^*^' K \z 1 )P^ 2) (vr 2l <g> n Z2 ® id) (ft (12)N 

Z 2 



(tt 2i ® tt 22 ® id) ((A ® id)F(A)^ 1 F( 12 )(A)- 1 ) 
by the shifted cocycle condition. Since 

^ (12) (A®id)F(A)- 1 F (12) (A)- 1 = (A'®id)F(A)- 1 F (21) (A)- 1 ^ (12) (A), 
( |4.21| ) becomes 

z\ 



5>,' K " 



^*^'\z 2 )^* ifi '' K \zi) 

Z 2 ' 



x (tt 22 ® tt 2i <g> id) ((A^id)^)-^ 12 ^^- 1 ) .P< 12 >i2(V*2,A). 
Using again the shifted cocycle condition we arrive at the right hand side of ( f4.19| ). rj 



4.3 The case of A^stn) 

The case of vertex type algebras can be treated in a parallel way. Let (tt v ^,V), nv,( — 
7r o Ad(C p ) stand for the evaluation module defined via the principal gradation operator 
p. In place of d we use p/n to define the i?-matrix and L-operators as follows: 

Z±(C,r) = (^ c ®id)^' ± (r), 
JZ'+(r) = q T TZ(r), 

JZ'-(r)=n^ 1 \r)- 1 q- f , 
RvwiCi/C^r) = (-K VXl (g)7r H / iC2 )^' ± (r). 

Then the RLL relations (|4.5|) - (|4"lf ) remain valid if we replace the shift A + h by r + c 
and read q c z as q c ^ n (. Since c is mapped to in (itv£, V), the relations somewhat simplify. 
The result reads as follows. 

Rt% 2 \Ci/C2,r + c)Lp 1 \C 1 ,r)L$ 2 \C2,r) 

= Z^ (2) (C 2 ,r)ZJ (1) (Ci,r)^ 2) (Ci/C2,r), (4.22) 

Rpw\q c/n Ci/C2,r + c)Lp 1 \( 1 ,r)L^ 2 \( 2 ,r) 

= L w (2) (C 2 ,r)Z+ (1) (Ci,r)^ 2) (g- c/n Ci/C 2 ,r). (4.23) 
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By the same method as in the face type case, we find also 

n' + {p l/n q^ 1)+c{2))/n C,r) = (r®id)- 1 ^'-(C,r). 

Taking the image in the vector representation V = C n = Ct>i © ■ ■ ■ © Cv n and noting that 
t is implemented by a conjugation 



(i- 



7T O T = Ad(/i) O 7T, hVj = Vj + l m od 

we obtain 

LUp 1/n q c/n (, r) = (Ad(h) © idy'LyiC, r). (4.24) 



The relations (^22|) , (|4T23|) and ( [Op first appeared (for n = 2) in 0. 



Similarly we define the VO's by 

${^ } (C,r) = (id © 7rv; f )(JS?(r)) o $^(C), 
% M (C,r) = % M (0 ° K,C ® id)(S(r)) 



-i 



Here $y (C) ? ^y (C) are the VO's of t/^s^) in the principal gradation. The inter- 
twining relations can be obtained from ( |4.11| )-( |4.14j ) by a simple replacement as explained 



above: 

$w(C 2 , r)Z+(G, r) = i^(g c/n Ci/C 2 , r + c)L+(Ci, r)$ w (C 2 , r), (4.25) 

$h/(C 2 , r)L y (Ci, r) = % w (Ci/C 2 , r + c)L v (Ci, r)$ w (C 2 , r), (4.26) 

Z+(G,r)^(C 2 ,r) = $^(C 2 ,r)L+(Ci,r)^(Ci/C 2 ,r), (4.27) 

L y (Ci,r)^(C 2 ,r) = ^(C 2 ,r)L y (Ci,r)^ w ( g c /"Ci/C2,r). (4.28) 

These formulas agree with those conjectured in jIL E3L if we identify g 2(r+c ) with p there. 
The same can be done about the commutation relations of VO (|4.18| )- (|4.20| ). We do 
not repeat the formulas. 

Acknowledgment. We thank Hidetoshi Awata, Jintai Ding, Benjamin Enriquez, Boris 
Feigin, Ian Grojnowski, Koji Hasegawa, Harunobu Kubo, Tetsuji Miwa , Takashi Takebe 
and Jun Uchiyama for discussions and interest. 

A Quasi-Hopf algebras 



We summarize here some basic notions concerning quasi- Hopf algebras [15|, |28|| . Let k be 
a commutative ring. 
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Definition A.l A quasi-bialgebra is a set (A,A,£,<&) consisting of a unital associative 
k-algebra A, homomorphisms A : A ^ A (E) A, e : A —>■ k and an invertible element 
$ G A (g A (g A, satisfying the following axioms. 

(id® A)A(o) = $(A®id)A(a)$~ 1 VaeA, (A.l) 

(id <g id <g A)$ • (A (g id (g id)$ = (1 <g $) • (id <g A (g id)$ • ($ (g 1), (A. 2) 

(e (g id) o A = id = (id ® e) o A, (A.3) 

(id(ge(gid)$ = 1. (A.4) 

Definition A. 2 A quasi-H op f algebra is a quasi-bialgebra (A,A,e, $) together with ele- 
ments a, (3 G A and an antiautomorphism S, satisfying the following conditions. 

y^S(bi)aCi = e(a)a, y^bif3S(ci) = e(a)(3, (A. 5) 

i i 

for a G A, A(a) = J2i h <g (k, o,nd 

Y,XiPS(Y i )<xZ i =l, (A.6) 

i 

where $ = 52i X i® Y i® Z i- 

Definition A.3 A quasi-triangular quasi-Hopf algebra is a set (A, A, e, $, R), where (A, A, e, $) 
is a quasi-Hopf algebra and R G A® A is an invertible element such that 

A'(a) = RA{a)R-\ (A.7) 

(A <g> id)R = $(312) jR (13) $ (132)-l jR (23) (|) (123) ) (Ag) 

(id (g) A)i? = $(231)- 1 jR (13) <|) (213)^(12) <|) (123)-1_ (AJ) 

i/ere A' = a o A (a(a ® b) = b ® a) is the opposite comultiplication. 

in QOD-QOD, if $ = J2i x i ® y i ® ^ then we write $(312) = Ei z * ® x i ® F " $(213) = 

^ Fj (g Xj (g Zj, and so forth. Similar notations will be used throughout. 

The properties ( |A.7| )-( [70D imply in particular the Yang-Baxter type equation 

jR (12) ( | ) (312) jR (13) < | ) (132)- 1 jR (23) $ (123) = $ (321) ^(23) $ (231) - 1 ^(13) $ (213) ^(12) _ (A.10) 

There is an important operation called twist, which associates a new quasi-bialgebra 
with a given one. Let (A, A, e, $) be a quasi-bialgebra, and let F G A(gA be an invertible 
element such that (id <g e)F — 1 = (e ® id)F. Set 

A(a) = FA(a)^ 1 (Va G A), (A.ll) 

| = (i?(23) ( id A)F) $ (F (12) (A <g id)F) _1 . (A. 12) 
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Then (A, A, e, $) is also a quasi-bialgebra. We refer to the element F as twistor. If in 
addition (A, A, s, $) is a quasi- Hopf algebra, with a, j3, S satisfying ( |A.5| ) and (|A.6| ), then 
(A,A,e, $) defined by (TATTl ) and ( |Q^ ) together with 

S = S, a = y^ S^aef, /3 = y^ ftpSfa), 

i i 

is also a quasi-Hopf algebra. Here we have set £\ di ® ei = F _1 and ^ fi®g-i = F. 
Finally, a twist of a quasi-triangular quasi-Hopf algebra is again quasi-triangular, with 
the choice of new R given by 

r = F WrfW\ (A.13) 

An important special case is a twist of a quasi-triangular Hopf algebra (A, A, e, R) 
(i.e. a quasi-triangular quasi-Hopf algebra with $ = 1) by a shifted cocycle. Let H be an 
abelian subalgebra of A, with the product written additively 

Definition A. 4 A twistor F(X) depending on A G H is a shifted cocycle if it satisfies the 
relation 

F^ l2 \X) (A ® id) F(X) = F^ 23 \X + h?>) (id ® A) F(A) (A.14) 

for some h G H . 

Let (A, Aa,£, $(A), i?(A)) be the quasi-triangular quasi-Hopf algebra obtained by a 
twist by F(X). The shifted cocycle condition ( |A.14[ ) simplifies the properties of $(A) and 
R(X) as follows. 

Proposition A. 5 We have 

$(A) = F( 23 >(A)F( 23 )(A + ^W)- 1 , (A.15) 

(A A ® id)i?(A) = $ (312) (A)i? (13) (A)i? (23) (A + /i (1) ), (A.16) 

(id ® A A )i?(A) = i? (13) (A + /i (2) ) J R (12) (A)$ (123) (A)- 1 . (A.17) 

As a corollary the dynamical Yang-Baxter relation holds: 

#(i2)( A + h^)R^(X)R^ 3 \X + h®) = J R (23) (A),R (13) (A + h^)R (12 \X). (A.18) 
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